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Notation
In this section we fix the notation and collect general facts we shall use often without any further mention in the paper including the Introduction. If X, Y are topological spaces, then C(X, Y) is the set of continuous maps from X to Y. If the set underlying X is a subset of the set underlying Y, then X ֒→ Y means ı Y X ∈ C(X, Y) with ı Y X the inclusion map of X into Y. vct is the category of complex vector spaces and linear maps, top is the category of topological spaces and continuous maps.
All topological vector spaces are considered over C, tls is the category of topological vector spaces and continuous linear maps. If E, F ∈ tls, then we let L(E, F) ≔ Mor tls (E, F) = C(E, F) ∩ Mor vct (E, F), L(E) ≔ L(E, E) and E ′ ≔ L(E, C). If E and F are locally convex spaces and G is a family of bounded subsets of E, then L G (E, F) is the locally convex space L(E, F) endowed with the topology of uniform convergence over the sets in G. L s (E, F), L b (E, F) and L pc (E, F) stand for L G (E, F) with G respectively the family of finite, bounded and precompact subsets of E. If p is a continuous seminorm on F and B is a bounded set of E, then p B : T → sup x∈B p(Tx) is a continuous seminorm of L b (E, F). ptls is the subcategory of tls of preordered topological vector spaces and linear continuous positive maps, r ∈ Fct(ptls, tls) is the forgetful functor.
For any unital * -algebra A, F max (relative to a fixed wedge in the hermitian elements of A) is defined in [6, p.24] , while A-invariant non-empty subsets of F max are defined in [6, p. tsa 0 is the category of topological * -algebras and continuous * -morphisms, tsa is the category of topological unital * -algebras and continuous unit preserving * -morphisms. Letq 0 ∈ Fct(tsa 0 , tls), q 0 ∈ Fct(tsa, tls) and q 1 ∈ Fct(tsa, top) be the forgetful functors. If A is a subcategory of B, then we let I B A denote the inclusion functor. Given an object A with a structure we often use, as we did above, the common abuse of language of denoting by A each of its underlying structure. So for instance if A and B are topological unital * -algebras, L(A, B) stands for L(q 0 (A), q 0 (B)) while C(A, B) stands for C(q 1 (A), q 1 (B)). A topological unital sub * -algebra A of B ∈ tsa here always means that A ∈ tsa so that A is a topological subspace of B, A is a sub * -algebra of B and A holds the same unit of B. Given A ∈ tsa 0 we let A 1 ∈ tsa be the unitization of A [2, p.38] whose topology by definition is the product topology. In case A is a locally convex * -algebra whose topology is generated by the set S of seminorms, thenS = {r | r ∈ S} generates the locally convex topology of A 1 , wherep(a, λ) ≔ p(a) + |λ| for every seminorm p on A. In particular if p is a continuous seminorm on A, thenp is continuous on A 1 . Thus if A ∈ tsa 0 , and B ∈ tsa are both locally convex and T ∈ Mor tls (q 0 (A), q 0 (B)), then (1) (a, λ) → Ta + λ1 B ∈ Mor tls (q 0 (A 1 ), q 0 (B)); since for every continuous seminorm q of B there exists a continuous seminorm p of A such that for all (a, λ) ∈ A 1 we have q(Ta 
Let X(M) be the set of vector fields of M, if U ∈ X(M), then let £ U be the restriction at D(M) of the Lie derivative on C ∞ (M) associated with U here denoted by £ U ; so
Whenever U is complete, we let θ U : R → Diff(M) be the flow on M generated by U and for every t ∈ R let η 
for all t, s ∈ R + and U(0) = 1. In addition by letting τ the topology of Y, U is called τ−equicontinuous or simply equicontinuous if {U(t) | t ∈ R + } is a (τ, τ)-equicontinuous set. Similar definitions for a C 0 -group by replacing R + with R.
If X is a sequentially complete locally convex space with topology τ and T ∈ L(X) such that {T n | n ∈ Z * + } is (τ, τ)-equicontinuous, then it is well-known that there exists a
x convergence in X for every t ∈ R + and x ∈ X; (3) by letting exp
Since the equicontinuity hypothesis it is clear that the series in (2) extends to t ∈ R, so exp T X extends to a C 0 -group on X still denoted by the same symbol, moreover exp T X is an equicontinuous C 0 -semigroup on X, where exp
Introduction
In [7, Cor.1.6 .43] and the discussion after we have shown that the existence of a natural transformation, from the classical gravity species a 4 to a strict quantum gravity species, satisfying certain constraints would render the dark energy hypothesis unnecessary in explaining the actual cosmic acceleration. This paper is one step toward a better understanding of the way to construct such a natural transformation.
In order to describe our results we need some additional terminology. First of all we recall that an object of the category dp of dynamical patterns ([7, Cor. 1.4.5 and Def. 1.4.1]) is a functor of top-quasi enriched categories (i.e. a functor whose morphism map is continuous) valued in the top-quasi enriched category tsa of unital topological * -algebras (enriched by endowing the morphism set of every two objects of tsa with the topology of simple convergence). A morphism of dynamical patterns is a couple ( f, T) formed by a functor f of top-quasi enriched categories from the domain of the second dynamical pattern to the domain of the first one, and by a natural transformation T from the composition of the first dynamical pattern with f to the second dynamical pattern.
Next let Chdv 0 be the category introduced in Prp. 1.26 and obtained by replacing in the defining properties of the category Chdv ([7, Cor. 1.4.18 and Def. 1.4.17]) both the categories ptls and ptsa with the category of topological linear spaces tls. Similarly at Ψ Ψ Ψ there exists the (canonical) functor Ψ Ψ Ψ 0 from dp to Chdv 0 . A 0-species is a functor valued in Chdv 0 which factorizes through dp (Def. 1.27) in particular a 0-species is a 1-cell of the 2-category 2 − dp. A dynamical pattern is called quantum (respectively classical) if all its values are noncommutative (respectively commutative) algebras. A functor valued in dp is called quantum (respectively classical) if all its values are quantum (respectively classical) dynamical patterns. Finally a 0-species is called quantum (respectively classical) if it factorizes through Ψ Ψ Ψ 0 into a quantum (respectively classical) functor valued in dp. Thus we have what follows.
In Thm. 2.2 and Thm. 2.4 we construct two functors valued in dp, the first x classical and the second z quantum.
Then in Thm. 3.10 we establish our main result: The existence of the natural transformation J from the classical 0-species x to the quantum 0-species z, where x factorizes to the left and to the right through x and z factorizes to the left and to the right through z.
Now the following observation is worthwhile.
Since in the present paper we are decisively dealing with the categories dp and Chdv 0 , specifically with the construction of the functors x and z and the construction of the natural transformation J, statements concerning continuity acquire a distinctive value. Specifically we refer to: (2)) at the core of the object map of z.
(2) The continuity of the * -morphism T(φ) (Thm. 1.15(2)) at the core of the morphism map of z. (3) The continuity of the map f → £ grad M ( f ) (Cor. 3.6) at the core of J.
In the remaining of this introduction we shall briefly outline the main steps to arrive at our main result.
Thm. 1.15 and Thm. 1.24 are the main results of section 1. In Thm. 1.15(1) we prove that B(M) is a unital topological * -algebra and in Thm. 1.15(2) we prove that φ implements via T a morphism of unital topological * -algebras. In Thm. 1.24 (2) we establish the existence of Γ U M a C 0 -group on B(M) of * −automorphisms and in Thm. 1.24(3) we prove that Γ and T are equivariant namely (8) holds true. Here M = (M, g) and N = (N, g ′ ) are semi-Riemannian manifolds and φ : N → M is a smooth diffeomorphism such that φ * g = g ′ . Our construction of B is calibrated to ensure that T and Γ possess the above properties.
We start by defining exp
as the exponential C 0 -group, on the sequentially complete locally convex space D(M) (remember D(M) is endowed with the inductive limit topology τ 
where T ⊺ is the H g −adjoint of the operator T. In Prp. 1.9 we show that B(M) is a O * -algebra on D(M), D(M) seen in this context as a dense linear subspace of H g , in particular B(M) is a unital * -algebra. Then in Def. 1.11 we define a set of functionals F M over B(M) and prove in Prp. 1.12 that F M is a B(M)-invariant non-empty subset of F max (relative to the wedge of finite sums of positive elements of B(M)). This result along with the general result [6, Lemma 1.5.7] applied to our * -algebra B(M) and our set F M , enables us to show in Thm. 1.15(1) that
where τ M (Def. 1.13) is the locally convex topology on B(M) generated by the following set of seminorms
There is another tsa-structure over B(M), indeed B(M) endowed with the topology relative to the bounded topology on
) is a unital topological * -algebra and this topology is stronger than τ M (Prp. 1.17). Next by letting
we prove in Thm. 1.15(2) that
In Cor. 1.6 we prove that Λ 
This result is a consequence of Lemma 1.5, a more general result important in its own, enlightening the twofold essential role palyed by the Montel space D(M) in obtaining Cor. 1.6: the first directly by its definition, the second permitting to use of the BanachSteinhaus Thm. since any Montel space is barrelled.
In Def. 1.10 we define the category vf 0 of the couples (M, U) with the following properties:
-equicontinuous, and the following property of invariance holds true
While φ is a morphism from (M, U) to (N, V) iff φ : N → M is smooth, φ * g = g ′ , and U and V are φ-related with N = (N, g ′ ). vf is the subcategory of vf 0 with the same object set and diffeomorphisms as morphisms. Now the reason of introducing the above categories stands on Thm. 1.24(2,3) establishing that whenever (M, U), (N, V) ∈ vf and
on B(M) of * −automorphisms such that T and Γ are equivariant, namely
is a one-parameter group of * −automorphisms;
. Let us outline the essential steps yielding to (7) . Firstly in Cor. 1.19 we show that whenever (M, U) ∈ vf 0 , the group exp In conclusion of section 1 we determine in Prp. 1.26 the category Chdv 0 and the functor Ψ Ψ Ψ 0 , while 0-species are introduced in Def. 1.27. Thm. 2.2 and Thm. 2.4 are the main results of section 2, where by using Thm. 1.15 and Thm. 1.24, we construct two functors x and z from the category vf to the category of dynamical patterns dp, classical x and quantum z.
Let us delineate what above said for the more interesting quantum functor z, but first of all we outline the main structures involved.
For every (M, U) ∈ vf let M, U be the top-quasi enriched category of subsets of
endowed with the topology inherited by R where
and D(M, X) is the topological sub * -algebra of D(M) of those maps whose support is contained in X. Next let B(M, X) be the topological unital sub * -algebra of B(M) of those
Thus we can define the maps (F M, U ) o and (F M, U ) m on the object and morphism set of M, U respectively as
While for every (M, U), (N, V) ∈ vf and φ ∈ Mor vf ((M, U), (N, V)) we can set the maps f φ o and f φ m over the object and the morphism set of N, V respectively such that
and define the map T over the morphism set of vf such that
Thus we are able to define z on the category vf such that
Now we have to see that effectively (9) z ∈ Fct(vf, dp).
What happens is that (7) is the core of the proof that the object map z o is well-set namely
that Lemma 1.4 implies that the first component of the morphism map z m is well-set, namely
that (4) and the equivariance (8) are the core of the proof that also the second component of z m is well-set, namely
implies that z m preserves the morphism composition, and (9) follows. About the classical functor x the main novelties and advantages with respect to the functor a constructed in [7, Thm. 1.6 .24] are represented by two facts: Firstly in order to construct a group associated with a vector field U, here U needs not to be complete, rather we require {£ 
where
; and where Vf is the full subcategory of vf of those (M, U) for which there exists a frame
Three are the fundamental steps to establish (11). First of all Cor. 3.6 by stating that
ensures that J (M,U) (X) is a continuous linear map. Then what right now stated and Thm. 3.1 by establishing that
It is in order to determine (13) that we require the use of the category Vf rather than vf. Specifically hypothesis (12) ensures that the following term
in the right side of (24) vanishes.
Finally Lemma 3.3 states that
which together (14) represent the core of the proof of the commutativity of the following diagram in the category Chdv 0
and (11) follows. Cor. 4.6 is the main result of the closing section 4, where under the hypothesis that U is complete and an additional equicontinuity condition on £ U , we answer in Cor. 4.6(2) the natural question in the affirmative on whether exp 
. Define vf ⋆ to be the category such that its object set is the set of the couples (M, U) where M is a manifold and U is a vector field on M such that {£
) is the set of proper smooth maps φ : N → M so that U and V are φ-related, while for every
Since D(M) is sequentially complete we can set the following 
is a group of * -automorphisms of D(M) indeed its infinitesimal τ ∞ c -generator £ U is a * -preserving derivation on D(M) then the statement follows.
Proof. Since U and V are φ-related we have that φ 
Proof. In this proof we let Z denote Z U,V which is well-defined namely Z(t) ∈ L(L b (X)) for every t ∈ Y. Indeed let p be a continuous seminorm on X, B a bounded subset of X and T ∈ L(X), thus p B (Z(t)T) = (q t ) C t (T) with q t = p • U(t) and C t = V(t)B. But q t is a continuous seminorm of X, while C t is bounded in X since V(t) is linear and continuous, thus q t C t is a continuous seminorm of L b (X) and then Z(t) ∈ L(L b (X))
. Next assume that the neighbourhood filter of t 0 in Y admits a countable basis. Now X is a Montel space thus it is sufficient to prove that for every sequence {t n } in Y converging at t 0 and every T ∈ L(X), we have that Z t n T converges at T in L pc (X). Now since the equicontinuity hypothesis, there exists a continuous seminorm q of X such that for all x ∈ X and n ∈ Z * + we have
so p(Z t n (T)x − Z t 0 (T)x) converges at 0, but p is an arbitrary continuous seminorm on X, thus Z t n T converges at Z t 0 T in L s (X). Finally X is barrelled being Montel, thus by the Banach-Steinhaus Thm. we deduce that Z t n T converges at Z t 0 T in L pc (X) which is what we claimed to prove.
Proof. By letting
and V − : 
where T ⊺ is the H g −adjoint of the operator T.
) be a semi-Riemannian manifold, thus since the discussion in Notation we deduce that DiffOp 
and whose composition is given by φ • vf 0 ψ = ψ • φ with • the map composition. Let vf be the subcategory of vf 0 with the same object set and
The first part of Prp. 1.12 allows us to give the following Definition 1.13 (The Topology τ M on B(M)). Let M = (M, g) be a semi-Riemannian manifold, define τ M to be the locally convex topology on B(M) generated by the set of seminorms
Remark 1.14. Let M = (M, g) be a semi-Riemannian manifold, thus by the polarization formula and since for any locally convex space X, λ, µ ∈ C and B, C bounded subsets of X, the set λB + µC is bounded in X we deduce that the topology τ M is generated by the following set of seminorms {q
Theorem 1.15 (The topological * -algebra B(M) and the morphism T(φ)). Let M = (M, g) be a semi-Riemannian manifold, thus
is a semi-Riemannian manifold and φ : N → M is a smooth diffeomorphism such that φ * g = g ′ , then by letting
we have that
Proof. St. N) ). Therefore T(φ) is well-set namely T(φ)(T) ∈ B(N), moreover T(φ) is a * -morphism. Finally let us prove the continuity of T(φ). For every f ∈ D(N) we have that
The above result justifies the following 
is lower τ Notice that in general U(M) needs not to be a topological group. . There exists a unique category Chdv 0 whose object set equals the object set of dp and whose morphism set is such that for every A, B, C ∈ Chdv 0 we have
Moreover the maps A → A and ( f, T) → ( f, (1 q 0 * T) † , 1 q 0 * T) determine uniquely an element Ψ Ψ Ψ 0 ∈ Fct(dp, Chdv 0 ).
Next in analogy with [7, Def. 1.5.8] we give the following Definition 1.27 (The fibered category of 0−species). Define Sp 0 the fibered category over 2 − dp such that for all D ∈ 2 − dp Sp 0 (D) = 2 − dp(D, Chdv 0 ),
Construction of the classical and quantum 0-species x and z

Since exp
U M is a C 0 -group on D(M) we immediatedly obtain the following Proposition 2.1. Let (M, U) ∈ vf 0 . Thus there exists a unique M, U , F M, U ∈ dp with the following properties. M, U is the unique top-quasi enriched category with the following properties. The object set of M, U is the set of all subsets of M, the morphism set of M, U is such that for every X, Y ∈ M, U we have
where we let M be the manifold underlying M and D(M, X) be the topological sub * -algebra of D(M) of those maps whose support is contained in X. The topology on Mor M, U (X, Y) is that induced by the topology on R, while the composition is that inherited by the addition in R. While
with
Theorem 2.2. There exists a unique x ∈ Fct(vf, dp) such that for all
where f φ ∈ Fct top ( N, V , M, U ) and
where M and N are the manifolds underlying M and N respectively. In particular
Proof. Let us take the properties of the statement as definition of x. Let t ∈ mor N, V (Y, Z) and f ∈ D(M, φ(Y)), so since Lemma 1.4 we have
, next f φ is clearly continuous and compo-
which proves (18). Finally x(ψ • vf φ) = x(ψ) • dp x(φ) follows by the same line of reasoning we use in [7, Thm. 1.6 .24] to prove that a(ψ • vf 0 φ) = a(ψ) • dp a(φ).
Theorem 2.3. Let (M, U) ∈ vf 0 , thus there exists a unique M, U , F M, U ∈ dp with the following properties. F M, U ∈ Fct top ( M, U , tsa) such that for every subset X and Y of M and every t ∈ mor M, U (X, Y) we have
where we let M be the manifold underlying M and B(M, X) be the topological unital sub * -algebra
Proof. Since Thm. 1.24(2).
Theorem 2.4. There exists a unique z ∈ Fct(vf, dp) such that for all (M, U), (N, V) ∈ vf and φ ∈ Mor vf ((M, U), (N, V) )
such that for all Y, Z ∈ N, V we have
In particular Ψ Ψ Ψ • z ∈ Sp(vf) and Ψ Ψ Ψ 0 • z ∈ Sp 0 (vf).
Proof. Let us take the properties of the statement as definition of z. Let Q ∈ B(M, φ(Y)) thus since Thm. 2.2(3) we obtain 
which proves (19). Finally for every ψ ∈ Mor vf which is vf−composable to the left with φ we have z(ψ 
and (20) Next by the defining property of derivations, the second equality of (22) and Rmk. 1.3 we deduce that
Let A and B denote the left and right sides of the equality (21) respectively, thus but £ is a Lie algebra morphism, so the above is equivalent to
which follows since Lemma 3.3 and the fact that U and V are φ-related. Thus the diagram (31) is commutative and the statement follows.
